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The Helmholtz equation can be written as coupled equations for the amplitude and phase. By
considering spatial phase distributions corresponding to reflectionless wave propagation in the plane,
and solving for the amplitude in terms of this phase, we have designed two-dimensional graded-index
media which do not scatter light. We give two illustrative examples, the first of which is a periodic
grating for which diffraction is completely suppressed at a single frequency at normal incidence to
the periodicity. The second example is a medium which behaves as a ’beam-shifter’ at a single
frequency; acting to laterally shift a plane wave, or sufficiently wide beam, without reflection.
I. INTRODUCTION:
Wave propagation through inhomogeneous media can-
not be solved analytically in most cases, even in one di-
mension. The space of possible media is also too large
to be able to calculate reflection and transmission coef-
ficients numerically in a representative sample of cases,
particularly in higher dimensions where scattering can
occur in various directions. Instead, mathematical tech-
niques have been used to make progress, particularly
with a view to designing non-scattering media. In one
dimension, media whose graded-index susceptibility sat-
isfies the spatial Kramers-Kronig relations are unidirec-
tionally reflectionless for all angles of incidence [1, 2] and
remain reflectionless in two dimensions when their pro-
files are rescaled and translated along a second spatial
coordinate. The analogous problem in higher dimensions
is much harder to solve. Transformation optics [3, 4] is
a design procedure that removes reflections, but requires
anisotropy and magnetic properties in general. In this
work we devise an alternative mathematical method to
design two dimensional scattering-free isotropic graded-
index permittivity profiles based on mapping out the am-
plitude distribution, and hence permittivity profile, re-
quired to support a particular choice of phase in a lossless
medium.
Designing reflectionless planar media (with material
properties varying in only one dimension) is a difficult
problem in itself and has been the consideration of con-
siderable research in recent years. There are a small
number of cases which can be solved exactly, such as
the non-reflecting Po¨schl-Teller media [5, 6] and Kay-
Moses media [7]. The family of media whose suscepti-
bility satisfy the spatial Kramers-Kronig relations [1, 8]
have been used to design disordered permittivity pro-
files exhibiting perfect transmission [9, 10] and perfectly
absorbing media [11]. Experimental realisations of near
perfect absorbers based on these media have been carried
out in [12, 13].
Finding reflectionless media that induce some specified
change in the wave is, unsurprisingly, a more difficult
problem than the one-dimensional analogue. With the
extra complications, however, comes a greater range of
practical possibilities, such as beam bending, shifting or
focussing, as well as cloaking. Ray tracing (see for exam-
ple [14]) can be used to design inhomogeneous refractive
index profiles that guide the wave’s energy in some spec-
ified way. For example, radial index profiles, such as the
Luneburg lens [15], can be used to focus light from a plane
wave to a single point. However, such an approach relies
on the validity of the geometrical optics approximation,
which will, for example, break down near the focus of
the lens, and also ignores the phenomenon of reflection.
By considering the exact wave problem, we are able to
bypass such difficulties enabling a greater control of the
sort of frequencies our media can suppress diffraction to.
Transformation optics [3, 4] has been at the forefront of
recent developments; in particular leading to the practi-
cal possibility of cloaking [16, 17]. Instead of designing
materials through coordinate transformations, our ap-
proach is to put the exact phase rays at the forefront
and work out what sort of amplitude distribution and
permittivity profile is required to guide a wave through
an object without scattering. This ’reverse engineering’
approach of working out the material properties leading
to a pre-specified wave solution has been considered in
two dimensions before for long range materials [18, 19].
The non-magnetic materials designed in [18] are only de-
signed to work approximately, however, since the phase
gradient specified does not have a vanishing curl. We ex-
plore what non-magnetic materials based on exact reflec-
tionless solutions can be found. We give two applications
of our method. Firstly, we design media, periodic in one
direction, which transmit perfectly without reflection or
diffraction for waves incident perpendicular to the peri-
odicity, for a surprisingly large bandwidth, Secondly, we
design two dimensional reflectionless beam-shifters for a
single frequency and angle of incidence.
Consider the 2-dimensional situation sketched in fig-
ure 1 for propagation of electromagnetic waves through
a slab of material embedded in free space. The out-of-
plane component of the electric field corresponding to a
monochromatic Transverse Electric (TE) polarised wave
of frequency ω incident upon a medium with permittivity
 satisfies the Helmholtz equation[∇2 + k20]ϕ = 0. (1)
where k0 = ω/c is the wave number. When  is allowed
to be an arbitrary function of position, there are only a
few exactly solvable cases. Instead of attempting to solve
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2FIG. 1: A wave of wave vector k = (kx, 0, 0) is incident from
free space onto a planar medium inhomogeneous in the (x, y)-
axis characterised by a real-valued graded-index permittivity
(x, y), where  → 1 as x → ±∞. The magnitude and di-
rection of the scattering from the medium will depend on the
spatial variation of .
directly, it is convenient to rewrite the solution in terms
of its positive amplitude A and real-valued phase S as
φ = A(x, y)eik0S(x,y). Upon substitution back into (1)
and separation into real and imaginary parts, we obtain
the following equations relating the amplitude and phase
to the permittivity, which we call the phase-amplitude
equations:
 = (∇S)2 − ∇
2A
k20A
0 = ∇ · (A2∇S),
(2)
where we assume that the permittivity  is real valued,
such that the second equation depends only on the ampli-
tude and phase of the wave. These two equations describe
the intricate relationship between amplitude and phase
and are key to determining the required distribution of
amplitude (and hence permittivity) needed to guide rays
in a desired way. Reference [21] explores special cases
in which geometrical optics gives the exact solution to
(2) i.e. when the ’quantum potential’ term ∇
2A
A van-
ishes. Instead, here we solve the second equation, and
use the first to obtain the corresponding permittivity.
The divergence free quantity A2∇S is exactly propor-
tional to the time-averaged Poynting vector (more pre-
cisely S = 12µ0A
2∇S), and this equation is simply an
energy conservation equation expressing the assumption
that no current sources are present in the medium. For
any region of the (x, y) plane, the rate of energy flow
into the region via the electromagnetic field must equal
the rate of energy leaving the region-: it is precisely this
simple principle that we exploit in our design of perfectly
transmitting two-dimensional lossless media.
For propagation in one dimension, where the energy
flow can only be forward or backward propagating, the
second phase-amplitude equation in (2) (the energy con-
servation condition) takes a particularly simple form
d
dx
(
A2
dS
dx
)
= 0, (3)
which can immediately be integrated up to give
A =
A0√
dS
dx
. (4)
By choosing a phase distribution S(x) corresponding to
a plane wave of unidirectional propagation asymptoti-
cally (e.g. S ∼ x as x → ±∞), the corresponding am-
plitude is determined from (4) and then a reflectionless
permittivity profile can be found from the first equation
of (2). Alternatively, it is common to take the geomet-
rical optics limit k0  |∇|/3/2, where the remaining
phase-amplitude equation is simply the eikonal equation
 =
(
dS
dx
)2
and the WKB approximations are found [28].
Extending this to higher dimensions, where the energy
flow can be in a number of directions, is non-trivial. With
the aim of finding non-scattering media, we choose a
phase distribution S(x, y) corresponding to a plane wave
of unidirectional propagation asymptotically (i.e. still
imposing S ∼ x as x→ ±∞) and then use equations (2)
to find a corresponding amplitude and permittivity that
permits such directional control of the wavefronts.
II. THE CHARACTERISTIC METHOD:
The second phase-amplitude equation in (2) can be
written as
∂S
∂x
∂A
∂x
+
∂S
∂y
∂A
∂y
= −A
2
∇2S. (5)
This is now of the form for which the method of char-
acteristics may be applied (see, for example, [22] for a
discussion of this method). Therefore the following set
of equations should be solved simultaneously:
dx
dλ
=
∂S
∂x
dy
dλ
=
∂S
∂y
dA
dλ
= −A
2
∇2S.
(6)
Together with suitable boundary conditions, the result-
ing parametric solution will map out a surface in (x, y,A)
space. The first two equations decouple from the third
and can be numerically solved to map out the rays (or
characteristics) in the (x, y) plane with the parameter λ
parameterising each ray (as can be seen by taking their
ratio dydx =
∂yS
∂xS
). The different rays are parameterised by
a different parameter, µ say, depending on the specific
form of the boundary condition. This is similar to the
method of Transformation optics described in [4] in that
we start with a coordinate system (λ, µ) in which the rays
are globally straight and parallel as is supported by free
space, and then find a transformation (x(λ, µ),y(λ, µ)) to
a new coordinate system in which the rays behave in a
3particular desired fashion. However, we do not confine
our mappings to be conformal (i.e. angle preserving).
For example, we can just as easily rescale the parame-
ters λ and µ independently to our convenience. In fact
it is computationally quicker to rescale λ to correspond
to actual distance along the ray when mapping out the
rays numerically, rather than the phase of the wave (so
curves of constant λ need not be the phase fronts). The
situation is described visually in figure 2.
FIG. 2: Plots of two of the rays. λ parameterises the curve
describing each ray whilst µ parameterises the different rays.
In general, given a boundary condition for the am-
plitude along a curve, C in the (x, y) plane, there will
be a unique solution in the region of the (x, y) plane
spanned by the rays passing through C. In particular,
we can impose a uniform amplitude along a vertical line
x =constant on the left (incident) side of the medium.
Together with a suitable choice of phase S, this will cor-
respond to a right propagating plane wave incident with-
out reflection. As an example of this method, we describe
how periodic media can be designed to have no diffrac-
tion, although we envisage the method being useful for
the design of other sorts of non-scattering media in two
and three dimensions, such as beam-benders and lenses.
III. REFLECTION AND TRANSMISSION
COEFFICIENTS FOR A PERIODIC MEDIUM:
To motivate the application of our method to designing
diffractionless gratings, we now review diffraction theory.
Consider a plane wave propagating in the positive x di-
rection impinging on a medium periodic in the y direc-
tion, with periodicity a = 2pi/kg and sitting in free space:
→ 1 as x→ ±∞. Such a periodic medium will typically
produce a diffraction pattern. Relative to an angle of in-
cidence θi with the positive x axis, the possible angles
for waves to scatter away from the medium are
sinθn = sinθi +
nkg
k0
. (7)
The periodicity of the profile ensures that the field out-
side the medium can be naturally written as a Fourier
series of reflected and transmitted waves propagating in
various directions:
ϕ =
{
eik0·x +
∑∞
n=−∞ ϕr,ne
ikr,n·x x ∼ −∞∑∞
n=−∞ ϕt,ne
ikt,n·x x ∼ +∞. (8)
where
k0 =
√
k20 − k2yxˆ + kyyˆ
kr,n = −
√
k20 − (ky + nkg)2xˆ + (ky + nkg)yˆ
kt,n =
√
k20 − (ky + nkg)2xˆ + (ky + nkg)yˆ.
(9)
It is constructive to restrict ourselves to consideration of
the wave behaviour in a single ’unit cell’ of the periodic
medium. More specifically, consider the region of the
(x, y) plane bounded by rays separated in the y direction
by a distance a. There can be no flow of energy in or out
of such a region when averaged over time, by construc-
tion. Therefore, any net energy flow into the medium
from x = −∞ must equate to the energy flow exiting the
medium at x =∞. For example∫ a/2
−a/2
dyS · xˆ|x→−∞ =
∫ a/2
−a/2
dyS · xˆ|x→+∞. (10)
Upon substitution of the periodic field (8) into the en-
ergy conservation equation (10), we obtain the following
relationship:
N∑
n=M
(Rn + Tn) = 1, (11)
where Rn and Tn are the n
th reflection and transmission
coefficients, respectively, describing the power going into
the nth order reflected and transmitted modes. They are
given by
Rn =
√
k20 − (ky + nkg)2√
k20 − k2y
|ϕr,n|2
Tn =
√
k20 − (ky + nkg)2√
k20 − k2y
|ϕt,n|2.
(12)
where the coefficients in the solution, ϕr,n and ϕt,n, are
calculated as the Fourier components of (8) and the sum
is taken over all propagating modes (|ky + nkg| < k0).
The situation is illustrated in figure 3.
4FIG. 3: A wave incident from the left upon a permittivity pro-
file (x, y) periodic in the y direction with period a. The re-
sulting diffraction pattern consists of a superposition of waves
reflected and transmitted at angles θn given by equation (7)
with intensities given by equation (12) (the reflected waves
aren’t shown in this diagram to avoid cluttering).
IV. THE NON-DIFFRACTING GRATING:
In this section we apply the earlier method of charac-
teristics to the problem of designing a diffraction grating
that doesn’t diffract. This means that all of the wave’s
energy is carried by the zero order transmitted mode,
with the rays emerging undeviated. Strong diffraction
is usually computed numerically; however we are giving
a design procedure by which one can specify where the
diffraction is zero. There has been some recent work
on diffraction from periodic structures exhibiting Parity-
Time (PT) symmetry, illustrating the asymmetry in the
diffracted fields [20, 23]. Also, the reflectivity and trans-
missivity of discrete periodic gratings has been studied
as wavelength and incidence angle is varied in [24] with a
view to improving diffraction efficiency. In particular, ef-
ficiency of diffraction to the first order reflected mode has
been improved whilst suppressing the zero order reflected
mode using plasmonic metasurfaces [25]. In our exam-
ple we show how to perform the polar opposite function;
namely to improve the efficiency of energy going into the
zero order transmitted mode by minimising the energy
going into all other modes. However, our theory can be
used to manipulate the diffraction from a periodic struc-
ture in a quite arbitrary way.
Consider designing a profile for which diffraction is
suppressed for a particular wavenumber κ0 at and an-
gle θi to the x axis. Then, for a right propagating plane
wave with perfect transmission without reflection, the
phase should asymptotically satisfy S ∼ cosθix + sinθiy
as x → ±∞, and any distortion in the rays should be
confined within the medium. To this end we make the
following choice of phase. In the region −a2 < y < a2 , let
S = cosθix+ sinθiy + berf
(x
c
)
+ αxe−(
x
d )
2
[
1 + erf
( a
4 + y
h
)
erf
( a
4 − y
h
)]
,
(13)
where erf(z) = 2√
pi
∫ z
0
e−z˜
2
dz˜ is the error function, which
switches smoothly from −1 to +1 with increasing argu-
ment. This is then repeated periodically up and down
the y axis. For simplicity, propagation at normal inci-
dence to the periodicity (θi = 0) will be studied, with the
understanding that the method exactly extends to non-
normal incidence. Due to the y dependence of the phase,
there will be a slight discontinuity in the phase gradient
across the edges of the unit cell. However, the exponen-
tial decay of the error functions ensures that this jump is
exponentially small and therefore will have a negligible
effect in the calculation of the reflection and transmission
coefficients (indeed with the parameter values used in the
example plotted in this section, the jump is five orders of
magnitude smaller than the maximal value of the phase
gradient).
The choice of phase given in (13) is of course by no
means a unique choice and it is therefore sensible to moti-
vate this particular choice. Bearing in mind the aim is for
an invisible periodic profile, we need a phase correspond-
ing to a unidirectional wave either side of the medium
and thus we choose a phase with leading order asymp-
totic behaviour S ∼ x as x → ±∞ corresponding to a
right propagating wave without lateral scattering. The
x dependent error function determines the phase shift
e2ik0b of the wave upon propagation through the medium
with the parameter c being a measure of the scale upon
which this shift occurs. This term has been included to
ensure that the relative permittivity remains above unity
so that the medium could be fabricated out of normal di-
electric media. The final term encodes the transverse
dependence of the phase, whose strength diminishes ex-
ponentially away from the y axis. This term has been
multiplied by x to ensure an odd symmetry dependence
of the phase on this coordinate. This guarantees that
the spacing between the rays before and after propaga-
tion through the medium remains the same i.e. the rays
don’t ’bunch up’ as a result of transmitting through the
medium.
Given a particular choice of wavelength λ0 = 2pi/κ0
for the incident plane wave, We have chosen a combi-
nation of parameters in (13) which ensures that diffrac-
tion should be possible (indeed the first four diffracted
modes should be visible) but completely vanishes. The
characteristic method can then be used to numerically
find the exact rays corresponding to this choice of phase,
as shown in figure 4(a). Notice that the dependence
of the medium transverse to the direction of propaga-
tion acts to distort the rays (and correspondingly, the
phasefronts). However, upon propagation through the
medium, the rays respace evenly again. This method is
5FIG. 4: (a) The rays corresponding to the phase distribu-
tion given in (13) in a ’unit cell’ where period, a = 5λ0,
b = 10λ0/pi, c = d = 5λ0/pi, h = 5λ0/4pi and α = 1/3.
(b) The corresponding amplitude resulting from solving the
characteristic equations (6). (c) The corresponding permit-
tivity profile as determined from the first equation in (2) cor-
responding to k0 = κ0.
exact and does not rely on the approximation of geomet-
rical optics, so a plane wave incident upon the medium
will emerge as a plane wave, if the appropriate bound-
ary condition for the amplitude, A → 1 as x → −∞, is
applied. The final equation of (6) is solved subject to
this boundary condition and the resulting amplitude is
plotted in figure 4(b). The uniformity of the amplitude
either side of the medium implies that a monochromatic
plane wave propagates through the medium without scat-
tering (whether in the form of reflection or diffraction).
The corresponding permittivity profile is plotted in fig-
ure 4(c). As expected, the permittivity approaches that
of free space as x → ±∞ with a range of unity up to
around 15 in the medium in this particular example. We
have chosen a combination of parameters such that the
absence of diffraction is a surprising result, but not so
high that the absence of reflection can be put down to be-
ing in the geometrical optics limit, since the spatial vari-
ation of the permittivity is on the order of a wavelength.
In the geometrical optics limit, the permittivity is sim-
ply given by the eikonal equation  = |∇S|2. However, in
the exact wave optics, to which the characteristic method
applies, the permittivity includes the quantum potential
term −∇2A/k20A and this term is significant (dominant)
when the permittivity varies on a scale on the order of
(much shorter than) the wavelength. The characteristic
method can be used for any of these regimes.
The design process of such a non-scattering medium is
such that it is only expected to function for an incident
plane wave of frequency ω = cκ0 for normal incidence.
For other frequencies there is no reason not to expect a
large amount of scattering in the form of both reflected
and transmitted diffracted waves. We have investigated
the effect of sending in different frequencies of radiation
through the permittivity profile. Some plots of the elec-
tric field norm are shown in figure 5. Except at the
FIG. 5: The electric field norm corresponding to a plane wave
propagating in the positive x direction through the permit-
tivity profile of figure 4(c) at four different wave numbers,
simulated using Comsol Multiphysics [26]. As expected the
field amplitude is uniform at the wavenumber k0 = κ0 de-
signed to give no scattering whereas diffraction is visible at
other wave numbers.
wavenumber for which the medium is designed to be non-
scattering, we see intricate diffraction patterns on both
the incident and transmitted sides of the medium, with
the fineness of the pattern being on the order of the wave-
length. Variations in the electric field norm on either side
of the medium indicate interference between plane waves
propagating in different directions. Upon calculation of
the reflected and transmitted intensities of these waves
(12), plots of the intensities as a function of wavenumber
can be obtained and are shown for this example in fig-
ure 6. For k0 < κ0/5, the wavelength is longer than the
periodicity, diffraction is not possible and so only the zero
order modes corresponding to lateral transmission and
reflection are possible. As k0 is increased beyond κ0/5,
6FIG. 6: The natural logarithm of the (a) reflected and (b)
transmitted intensities of the first five non-negative diffracted
modes that a right propagating plane wave impinging on the
permittivity profile of figure 4(c) at normal incidence scat-
ters into as a function of wavenumber. (c) The total re-
flected (R) and transmitted (T ) intensities and their sum.
Over 99% of the wave energy ends up in the T0 mode in the
band 0.92κ0 < k0 < 1.08κ0. Thus diffraction is suppressed
in quite a broadband region. Only positive Fourier compo-
nents are plotted because the reflectional symmetry in the
profile (x,−y) = (x, y) ensures that negative mode inten-
sities match the corresponding positive mode intensities at
normal incidence. Despite the curves appearing to lack the
smoothness over the domain k0 ∈ [0, 3κ0/2] that would be ex-
pected of a continuous change of the wavenumber, the graphs
are in fact smooth, as can be seen from the close-ups to the
right.
diffraction is expected and energy is carried by the first
order modes via both reflection and transmission. As k0
is increased further, higher order modes can carry energy.
It appears from figure 6(c) that reflection is well sup-
pressed beyond around k0 = 0.6κ0. However, when we
plot out the individual mode intensities on a log scale in
(a) and (b), it can be seen that diffraction is strongly sup-
pressed only in a smaller band around k0 = κ0 with some
more significant diffraction outside this band. Also, since
these graphs compare intensities (which are proportional
to the square of the wave amplitude), diffraction is more
prominent in the wave amplitude plots in figure 5 outside
the smaller band. Whilst it is clear from figure 6 that
the intensities fluctuate very rapidly as the wavenum-
ber is altered through different sharp resonances, there
is a noticeable band dip (broader than the sharp reso-
nances) in all but the zero order transmitted mode (the
unscattered mode) around the wavenumber k0 = κ0 at
which the structure is designed to be reflectionless and
perfectly transmitting. Thus, it is perfectly feasible for
a long Gaussian pulse (for example) consisting predom-
inantly of a small range of frequencies close to κ0c to
scatter negligibly.
Having considered the ability of this medium to sup-
press scattering for different frequencies of incidence, it
is natural to also consider what happens when the an-
gle of incidence deviates from normal incidence. Again
there is no reason to expect transmission to be perfect
at the design frequency at other angles of incidence, and
this is indeed seen to be the case. The electric field norm
is plotted for various angles of incidence at the design
frequency ck0 = cκ0 in figure 7. Away from normal in-
FIG. 7: The electric field norm corresponding to a plane wave
propagating at various angles θi to the positive x axis through
the permittivity profile of figure 4(c) at wavenumber k0 =
κ0, simulated using Comsol Multiphysics [26]. For angles off
normal incidence, diffraction is again visible.
cidence, a diffraction pattern is visible; the electric field
norm has strong oscillations with a periodicity commen-
surate with that of the medium. This is indicative of
other modes present in the solution for the field. Again
we can get a quantitative description of the diffracted
mode intensities. This is plotted in figure 8.
7FIG. 8: The natural logarithm of the (a) reflected and (b)
transmitted intensities of the five middle diffracted modes
that a plane wave of wavenumber k0 = κ0 propagating at
angle θ to the positive x axis impinging on the permittivity
profile of figure 4(c) scatters into as a function of angle. (c)
The total reflected (R) and transmitted (T ) intensities and
their sum. It is only close to normal incidence that all of
the wave is transmitted without diffraction. Specifically, over
99% of the wave energy ends up in the T0 mode in the region
0 < θi < pi/60.
1 The ability to carry out such calculations based on the numer-
ical simulations in Comsol is limited by the ability of the Per-
fectly Matched Layers (PMLs) [27] used in the simulations at the
boundaries of the unit cells to absorb any outgoing waves with-
out reflection. The absorption rate decays exponentially with the
wave vector component normal to the PML boundary. Therefore
any of the simulations in which there are wave vector components
close to grazing incidence will not be entirely diminished in the
PML and will therefore introduce some errors. This manifests it-
V. TM POLARISATION AND THE
GEOMETRICAL OPTICS LIMIT:
Having designed a periodic medium exhibiting no
diffraction to a TE polarised wave of a particular fre-
quency, we now test its robustness to changing polarisa-
tion. Due to the symmetry in Maxwell’s equations, the
medium corresponding to having a permeability profile
like that shown in figure 4(c) together with unit permit-
tivity will not diffract a Transverse Magnetic (TM) po-
larised incident field. However, this need not be the case
for the corresponding non-magnetic permittivity profile
discussed earlier.
The suppression of diffraction shown in the previous
section hinges on the idea of being able to exactly map
out rays in such a way that the energy flow is conserved
(∇·(A2∇S) = 0). However, if the incident field is instead
Transverse Magnetic (TM) polarised, then the Helmholtz
equation for the out-of-plane component of the magnetic
field is modified to[
∇ ·
(
1

∇
)
+ k20
]
ϕ = 0. (14)
As a result the second phase amplitude equation in for
the field decoupled into amplitude and phase gets modi-
fied to
∇ ·
(
A2∇S

)
= 0. (15)
for which the characteristic method now only solves for
A/
√
. The remaining phase-amplitude equation is then
a generalised version of the eikonal equation which is
difficult to solve for the permittivity. It is only when
one takes the geometrical optics limit, valid when k0 
|∇|/3/2, that the permittivity can be assumed locally
homogeneous and thus for the conservation of energy
equation (15) to reduce to the more familiar∇·(A2∇S) =
0. The resulting fields for the two polarisations are com-
pared in figure 9. There is a visible diffraction pattern
for the TM polarisation case at the wavenumber k0 = κ0
which diffraction is suppressed for TE polarisation. How-
ever, the difference between the polarisations diminishes
as the wavenumber is increased. This can be under-
stood from the first equation of (2), which reduces to
the eikonal equation  = (∇S)2 in the geometrical optics
limit for both polarisations. With identical phase fronts,
the factor of  in (15) merely serves to rescale the field
amplitude when going from TE polarisation to TM po-
larisation A → √A. This leads to a greater amplitude
of the TM polarised field inside the medium, without al-
tering the diffraction pattern outside it.
self in having a total reflected and transmitted intensity summing
to something other than unity. As such, angles (wave numbers)
with modes close to grazing incidence have been removed from
figure 8(c) (figure 6(c)).
8FIG. 9: (a) The electric field norm |E| at wave numbers k0 =
10 and k0 = 50 for a TE polarised incident wave onto the
medium described by the permittivity profile of figure 4(c),
simulated using Comsol Multiphysics [26]. (b) The magnetic
field norm multiplied by impedance of free space η0|H| at the
same wave numbers for a TM polarised incident wave.
VI. THE BEAM-SHIFTER:
As a second example we use our formalism to de-
sign a beam shifter. Beam-shifters have largely been
designed using the coordinate transformations of trans-
formation optics contained in [3] using anisotropic me-
dia with graded permittivity and permeability tensors
(see for example [29]). Such anisotropic profiles can be
designed using metamaterials, for example using metal-
lic rods [30] or tensor impedance surfaces [31]. Experi-
mental realisations have so far been fairly limited but a
structure based on transmission line metamaterials has
been successful [32] and also in acoustics with perforated
metamaterials [33]. All of these structures are based on
transformation optics requiring anisotropic or magnetic
materials. We instead propose an isotropic non-magnetic
medium which laterally shifts a beam at a single fre-
quency with negligible reflection.
So far, we have seen that the characteristic method
has enabled the design of non-scattering permittivity pro-
files via a mapping out of the rays. Such numerical ap-
proaches are normally necessary to make progress due to
the difficulty in solving PDEs exactly. However, there
is a special case where the energy conservation equation
can be solved exactly to give a permittivity profile with
an interesting property, namely a wide beam is laterally
shifted without reflection. We refer to this as a beam-
shifter. We emphasise that this is not just geometrical
optics; the beam-shifter we design is exact for wave op-
tics.
Motivated by being able to solve the conservation of
energy equation in one dimension (see equations (3) and
(4)), it is natural to solve the analogous two dimensional
equation for a special case by imposing that (3) holds for
each of the individual coordinates. i.e.
∂
∂x
(
A2
∂S
∂x
)
= 0
∂
∂y
(
A2
∂S
∂y
)
= 0.
(16)
which can be solved separately to give two expressions
for the amplitude:
A =
Ay(y)√
∂S
∂x
=
Ax(x)√
∂S
∂y
. (17)
This can then be subsequently solved for the phase:
S = f(X(x) + Y (y)). (18)
where X ′ = 1/A2x and Y
′ = 1/A2y. The particularly neat
thing about this method of separating the equations for
the different Cartesian coordinates is that the differential
equation for the rays takes a separable form
dy
dx
=
Y ′(y)
X ′(x)
. (19)
and, in particular, by taking Y (y) = y, say, the slope
of the rays depends only on the x coordinate and thus
the rays are translationally invariant in the y direction.
Meanwhile (2) gives the expression for the permittivity
 = (f ′)2
(
(X ′)2 + (Y ′)2
)
+
1
2k20
[
X ′′′
X ′
+
Y ′′′
Y ′
− 3
2
(
(X ′′)2
(X ′)2
+
(Y ′′)2
(Y ′)2
)]
+
1
2k20
[(
(X ′)2 + (Y ′)2
)(f ′′′
f ′
− 3(f
′′)2
2(f ′)2
)]
.
(20)
where only the first line would be retained in the geo-
metrical optics limit. As for the periodic grating, our
medium should sit in free space with a right propagating
plane wave incident on the medium emerging totally as
a right propagating plane wave without being scattered.
To ensure that the rays are horizontal either side of the
medium (X ′ → +∞ as x→ ±∞), we choose, as a simple
example,
X(x) =
sinh(αx)
β
Y (y) = y.
(21)
leading to rays y = 2βα2 arctan
(
tanh
(
αx
2
))
+ constant
which bend and straighten with a lateral shift of pi/α,
as shown in figure 10(a). To further ensure a right prop-
agating plane wave either side of the medium, it is re-
quired that S ∼ x as x→ ±∞ so it is natural to choose
f to be the inverse of X:
f(z) = X−1(z) =
arsinh(βz)
α
. (22)
9FIG. 10: (a) The rays associated with the choices given in (21)
with α = 2 and β = 1. (b) The corresponding permittivity
profile with f = X−1 and k0 = κ0 in −25λ0/pi < x < 25λ0/pi
and free space either side. (c) The field norm correspond-
ing to a right propagating incident Gaussian beam of width
20λ0/pi, simulated using Comsol Multiphysics [26]. The wave
is transmitted with negligible reflection and with a beam shift
of 5λ0/4.
and we again choose a particular wavenumber of k0 = κ0
for the beam-shifter to function at. With these choices
the permittivity profile obtained is shown in figure 10(b)
and is given by
(x, y) =
β2 + α2cosh2(αx)
α2(1 + (βy + sinh(αx))2)
+ O
(
1
κ20
)
. (23)
where the correction terms to the geometrical optics limit
have been included in the plot but have been left out of
(23) for brevity. However, this is enough to explain the
appearance of the permittivity profile. The denomina-
tor in (23) reaches a minimum along y = −X(x). Along
this channel the permittivity is higher than the surround-
ings in order to be able to bend the rays. In particu-
lar, as the channel’s slope becomes increasingly vertical,
the permittivity contrast needs to be greater in order for
the rays to be bent by the same amount. As such, the
permittivity in the channel increases quadratically in y:
(X−1(−y), y) = O(y2) as y → ±∞. Subsequently, this
is likely to be difficult to realise practically (and indeed in
simulations). However, with a wavelength of λ0 = 2pi/κ0
and a permittivity profile channel of similar width, it’s
possible to simulate this using a Gaussian beam with a
width of a few wavelengths so that the contrast in the
incident field has a negligible effect on the functionality
of the beam-shifter. This also enables the lateral shift of
the beam to become clear to see. The resulting shift in
the beam can then be seen in a plot of the field norm, as
shown in figure 10(c). From the appearance of the per-
mittivity profile only, we can explain how the rays are
laterally shifted, but not why there is also no reflection
from such a medium. However this is a general feature
of graded index media; it is not easy to see why cer-
tain profiles with arbitrarily large contrasts are reflection-
less, even in one dimension (such as the spatial Kramers-
Kronig media [1, 2] or the Po¨schl-Teller media [5, 6]).
VII. QUANTIFYING THE EFFECT OF
ERRORS IN THE PERMITTIVITY:
The design procedure used in this work is exact. How-
ever, any errors in the permittivity, as seen in a realisa-
tion of the devices, will lead to errors in the correspond-
ing field. Having already seen that the non-diffracting
medium is surprisingly robust to slight changes in the
wavenumber and the angle of incidence, it is hoped that
the same might extend to slight changes in the profile.
To quantify this, consider a slight perturbation to the
permittivity, and the corresponding change to the field
→ ˜ = + δ
ϕ→ ϕ˜ = ϕ+ δϕ. (24)
The Helmholtz equation for the perturbed permittivity
(∇2 + k20 ˜)ϕ˜ = 0 can then be solved for small perturba-
tions as
δϕ(x) = −k20
∫
dx′G(x− x′)δ(x′)ϕ(x′), (25)
where G(x − x′) is the Green’s function for the two-
dimensional Helmholtz equation (∇2+k20(x))G(x−x′) =
δ(x − x′). In particular, the field response shows a lin-
ear dependence with the perturbed permittivity profile,
so errors in the field can be made arbitrarily small by
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making the error in the permittivity arbitrarily small. In
general, the errors in the permittivity, and in the reflec-
tion and the transmission can be quantified as
η =
1
a2
∫ 6λ0
−6λ0
dx
∫ a/2
−a/2
dy|δ(x, y)|
ηr =
1
a
∫ a/2
−a/2
dy
|δϕ(−6λ0, y)|
|ϕ(−6λ0, y)|
ηt =
1
a
∫ a/2
−a/2
dy
|δϕ(6λ0, y)|
|ϕ(6λ0, y)| ,
(26)
respectively, where a is the period of the grating. Us-
ing a Finite Difference Method (FDM) to calculate the
Green’s function, we calculated the error due to a simple
discretisation of the profile in figure 4(c) into a 20 by 20
rectangular grid of homogeneous slabs. This corresponds
to an error of η = 0.604 in the medium, and, using (26),
a fairly large error of ηr = 0.372 and ηt = 0.191 in the
field. This is not surprising when we consider that it is
the fine structure of the profile which leads to the removal
of scattering—something that a simple 20 by 20 grid will
not fully encapsulate. A finer 200 by 200 grid discretisa-
tion corresponds to an error η = 0.0708, and a very small
error of ηr = 0.0108 and ηt = 0.00614 in the fields, which
would not be noticeable in the field plots. When mea-
suring the diffracted order energies (the squares of the
fields), the errors will be significantly smaller—virtually
all of the energy would be seen to transmit through the
profile undiffracted.
VIII. SUMMARY AND CONCLUSIONS:
We have constructed a a recipe for designing lossless
media scatter-free media by choosing the exact rays to
behave in a particular desired fashion and determining
the corresponding amplitude and permittivity profile re-
quired for this whilst ensuring energy is conserved. This
does not rely on the assumption of geometrical optics so
is not just confined to the design of materials which vary
on a scale much larger than the wavelength. We have
applied the method to the design of non-scattering me-
dia whose spatial inhomogeneity is confined to a plane.
Specifically we have designed a periodic graded-index
permittivity profile with suppressed diffraction for a sin-
gle frequency at normal incidence and a ’beam-shifter’;
a graded-index permittivity profile which laterally shifts
a Gaussian beam of a few wavelengths, without reflec-
tion. We expect that the method will also be useful for
designing media in three dimensions which guide light
in a desired fashion, such as 3d gratings, beam-benders
and beam-expanders. Additionally this work raises the
question of how well diffraction in periodic media can be
controlled e.g. one could investigate the possibility of
completely suppressing diffraction over a broadband fre-
quency range or for a range of angles of incidence. Also,
one could look at whether or not it is possible to diffract
perfectly into a pair of modes instead of just one.
IX. ACKNOWLEDGEMENTS:
CGK acknowledges financial support from the EPSRC
Centre for Doctoral Training in Electromagnetic Meta-
materials EP/L015331/1. SARH acknowledges financial
support from the Royal Society and TATA (RPG-2016-
186).
[1] S. A. R. Horsley, C. G. King and T. G. Philbin, J. Opt.
18, 044016, (2016).
[2] S. A. R. Horsley and S. Longhi, Phys. Rev. A 96, 023841,
(2017).
[3] J. B. Pendry, D. Schurig and D. R. Smith, Science 312,
5514, (2006).
[4] U. Leonhardt, Science 312, 5781, (2006).
[5] P. S. Epstein, Proc. Nat. Acad. Sci. 10, 627 (1930).
[6] J. Lekner, Am. J. Phys. 75, 1151 (2007).
[7] I. Kay and H. E. Moses, J. App. Phys. 27 1503 (1956).
[8] S. A. R. Horsley, M. Artoni and G. C. La Rocca, Nature
Phot. 9 436 (2015).
[9] C. G. King, S. A. R. Horsley and T. G. Philbin, Phys.
Rev. Let. 118, 163201, (2017).
[10] K. G. Makris, A. Brandsto¨tter, P. Ambichl, Z. H. Mus-
slimani and S. Rotter, Light: Sci. & Apps. 6, e17035,
(2017).
[11] C. G. King, S. A. R. Horsley and T. G. Philbin, J. Opt.
19, 085603, (2017).
[12] W. Jiang, Y. Ma, J. Yuan, G. Yin, W. Wu and S. He,
Laser and Phot. Rev. 11, 1, (2017).
[13] D. Ye, C. Coa, T. Zhou, J. Huangfu, G. Zheng and L.
Ran, Nat. Comm. 8, 51, (2017).
[14] U. Leonhardt and T. G. Philbin, 2010, Geometry and
Light: The Science of Invisibility (Dover Publications).
[15] R. K. Luneburg, 1944 Mathematical Theory of Optics
(Providence, RI: Brown Univ. Press.).
[16] N. Kundtz, D. Gaultney and D. R. Smith New. J. Phys.
12, 043039, (2010).
[17] D. Schurig, J. J. Mock, B. J. Justice, S. A. Cummer, J.
B. Pendry, A. F. Starr and D. R. Smith, Science 314,
977, (2006).
[18] B. Vial, Y. Liu, S. A. R. Horsley, T. G. Philbin and Y.
Hao, Phys. Rev. B 94, 245119, (2016).
[19] Y. Liu, B. Vial, S. A. R. Horsley, T. G. Philbin and Y.
Hao, New J. Phys. 19, 073010, (2017).
[20] K. G. Makris, R. El-Ganainy, D. N. Christodoulides and
Z. H. Musslimani, Phys. Rev. Let. 100, 103904, (2008).
11
[21] T. G. Philbin, J. Mod. Opt., 61, 552, (2014).
[22] R. Courant and D. Hilbert, 1989, Methods of Mathemat-
ical Physics, Volume 2: Differential Equations (Wiley-
Interscience).
[23] C. E. Ru¨ter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev and D. Kip, Nat. Phys. 6, 192,
(2010).
[24] V. M. Fitio and Y. V. Bobitski, Opto-electonics Rev. 13,
331, (2005).
[25] Y. Zhang, J. Zhu and C. Huang, Phys. Let. A 380, 3949,
(2016).
[26] COMSOL Multiphysics v. 5.1. www.comsol.com. COM-
SOL AB, Stockholm, Sweden.
[27] J. Berenger, J. Comp. Phys. 114, 185, (1994).
[28] J. Heading, An Introduction to Phase-Integral Methods,
Dover, (2013).
[29] M. Y. Wang, J. J. Zhang, H. Chen, Y. Luo, S. Xi, L.-X.
Ran, and J. A. Kong, Prog. Elec. Res. 83, 147, (2008).
[30] M. Salmasi, M. Okoniewski, M. E. Potter, 2016 IEEE
Int. Symp. Antennas and Propagation 725, (2016).
[31] A. M. Patel and A. Grbic, IEEE Trans. Microwave The-
ory and techniques 62, 1102, (2014).
[32] G. Gok and A. Grbic, IEEE Trans. Antennas and Prop-
agation 61, 728, (2013).
[33] P. Wei, Europhys. let. 109, 14004, (2015).
